Dynamical Yang-Baxter Maps 
with an Invariance Condition 

By 

Youichi ShibukawcQ 
Abstract 

By means of left quasigroups L — (L, •) and ternary systems, we 
construct dynamical Yang-Baxter maps associated with L, L, and (•) 
satisfying an invariance condition that the binary operation (•) of the 
left quasigroup L defines. Conversely, this construction characterize 
such dynamical Yang-Baxter maps. The unitary condition of the dy- 
namical Yang-Baxter map is discussed. Moreover, we establish a cor- 
respondence between two dynamical Yang-Baxter maps constructed in 
this paper. This correspondence produces a version of the vertex-IRF 
correspondence. Q Q Q 

1 Introduction 

Much attention has been directed to the quantum dynamical Yang-Baxter 
equation (QDYBE), a generalization of the quantum Yang-Baxter equation 
(QYBE) (for example, see [5]). The dynamical Yang-Baxter map (dynamical 
YB map) [13] is a set-theoretical solution to a version of the QDYBE. 

Let H and X be nonempty sets, and <p a map from H x X to H. A map 
R{\) :IxI-tXxI(Ae H) is a dynamical YB map associated with 
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H, X, and 4>, iff, for every A € H, R(X) satisfies the following equation on 

X x X x X. 

(1.1) 

R23(X)RM\X^))R 12 (X) = R 12 (4>(X,X^))R 13 (X)R 23 (^(X,X^)). 

Here fl 12 (A), i?i 2 (0(A, X( 3 ))), R 23 (<f>(X, Y«)), and others are the maps from 
Al x Y x AT to itself defined as follows: for u,v,w £ AT, 

jRi2(A)(u,u,u;) = (R(X)(u,v),w); 
R 12 (cj)(X,X ( V))(u,v,w) = R 12 (</>(X,w))(u,v,w); 
RMX,xW))(u,v,w) = (u,R(0(X,u))(v,w)). 

If a map R(X) is a dynamical YB map associated with H, X, and 4>, then we 
denote it by (-R(A); ff, X, 0). Two dynamical YB maps (i?W(Ai); i?i , X x , ^ ) 
and (i?^ 2 ^(A2); i?2 5 X 2 , 4> 2 ) are equal, iff 

(1.2) H x = H 2 , Xt = X 2 , 0! = 02, and fl«(A) = i?( 2 '(A) 

for all A £ ffi(= ff 2 )- 

By the definition of the dynamical YB map, the Yang-Baxter map (YB 
map) [15], a set-theoretical solution to the QYBE [2 [16], is a dynamical YB 
map that is independent of the dynamical parameter A. Geometric crystals 
[3], crystals [7], and semigroups of I-type [6] produce YB maps, and so do 
bijective 1-cocycles [10]. Let A and G be groups such that A acts on 
G, and ir : A — > G a bijective 1-cocycle of the group A with coefficients 
in the group G. This triplet (A, G, ir) gives birth to a bijective YB map 
[101 Theorems 1 and 2] with the invariance condition ([4.6h (this invariance 
condition is called the compatibility condition in [10]). 

By generalizing this method, dynamical YB maps were constructed in 
[13] . Let LP = (LP, e LP ) be a loop (see Definition El) , G = (G, *, e G ) a 
group, and ir : LP — > G a set-theoretical bijection satisfying ir(eLp) = e-G- 
Here clp and ec are the unit elements of LP and G, respectively. This 
triplet (LP, G, ir) produces a bijective dynamical YB map i?( G )(A) flSJJ with 
the invariance condition (|2.5p (see below Theorem 12.51) . We characterized 
this dynamical YB map (Theorem I2.5|) . 

However, this characterization is inadequate; some dynamical YB maps 
with the invariance condition are not constructed in this way. 

This paper clarifies a characterization of dynamical YB maps with the 
invariance condition. Let L = (L, ■) be a left quasigroup (see Definition 12. ip . 
M = (M, fj) a ternary system (Definition 13. ip satisfying (|3.5p and (|3.6p , and 
ir a bijection from L to M. The triplet (L, M, ir) produces a dynamical 
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YB map (R^ L ' M ' n \\); L, L, (•)) ([33]) (Theorem This dynamical YB 

map satisfies the invariance condition (|3.4p that the binary operation (•) 
of the left quasigroup L defines. This construction gives a characterization 
of the dynamical YB maps with the invariance condition (|4.5p (Theorem 
14. 7[) . If the binary operation (•) of L is associative, then every YB map on 
L x L with the invariance condition (|4.6p is produced by a ternary system 
satisfying (]3.5p and (13. 6p (see Remark l4.8p . 

The organization of this paper is as follows. After summarizing the 
results of the work [13] in Section [2] we construct the dynamical YB map 
R (L,M,*)(X) ([33]) W ith the invariance condition in Section [3l (Theorem I3.2p . 
This dynamical YB map R^ L,M,1T \\) is a generalization of the YB map in 
|10j and the dynamical YB map in [13] (see Remarks 12.61 and 16. 7p . The 
dynamical YB map R^ L ' M ' n \\) and the corresponding dynamical braiding 
map <j( L ' M ' n \\) (|3.1ip are expressed by means of the maps s(a) (|3.7p and 
s (13.81) (see Lemma 13.51 and (I7.3P ). which satisfy the braid group relation 
(|3.9p . This braid group relation and Lemma 13.51 simplify the proof that the 
YB maps and the dynamical YB maps in 10] fl3] satisfy p. II) . 

By means of categories A and V (Propositions 14.31 and I4.6P , we charac- 
terize the dynamical YB maps associated with L, L, and (•) satisfying the 
invariance condition (14.51) in Sections H] and [5] (Theorem 14. 7p . 

Section [6] describes several examples of the ternary systems satisfying 
(pT5j) and (HI). For each M = (G,/zf) (|S5|> . (G,/^) (G,fjg) (fcZj) , 

we give a characterization of the dynamical YB maps R^ L,M,1V \X). 

Sections[7]and[8]deal with properties of the dynamical YB map R\ L ' M ^) (A). 

Let M be a ternary system constructed in Section[6l In Section[71 we give 
a necessary and sufficient condition for the dynamical YB map 
to satisfy the unitary condition (|2.8p (see Propositions 17. H 17.31 and !7.5p . Eq. 
(|7.3p explains the reason that only the property (|7.ip of the ternary system 
M is needed in order for the dynamical YB map 

R {L,M,*)(\) to satisfy the 

unitary condition (Theorem 12. 7p . 

Section [8] gives a correspondence between two dynamical YB maps called 
an IRF-IRF correspondence (Proposition I8.ip ; furthermore, a vertex-IRF 
correspondence (|8.ip is discussed. Eq. (17.3P induces this IRF-IRF correspon- 
dence. A motivation for producing these correspondences is the exchange 
matrix construction of the dynamical R-matrix by means of the fusion ma- 
trix (see Remark I8.2p . 

To end Introduction, the author would like to thank Professor Yas-Hiro 
Quano for advising him to investigate the vertex-IRF correspondence. 
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Table 1: Multiplication table of ({1, 2, 3}, *) 
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2 Background information 

In this section, we briefly summarize the results of the work [13] after intro- 
ducing definitions and notations used in this work. 

Definition 2.1. (L, •) is said to be a left quasigroup, iff L is a non-empty 
set, together with a binary operation (•) having the property that, for all u, 
w € L, there uniquely exists v € L such that u-v = w (cf. right quasigroups 
in pU Section 1.4.3]). 

By this definition, the left quasigroup (L,-) has another binary operation 
\l called the left division [HI Section 1.2.2]; we denote by u\l w the unique 
element v € L satisfying u ■ v = w. 

(2.1) u\l w = v^u-v = w. 

Definition 2.2. A quasigroup (Q, •) is a left quasigroup satisfying that, for 
all v, w € Q, there uniquely exists u € Q such that u ■ v = w (see [12l 
Definition 1.1.1] and pU Section 1.2]). 

The binary operation on a quasigroup is not always associative. 

Example 2.3. We define the binary operation (*) on the set {1,2,3} of 
three elements by Table[T] Here 1*2 = 3. Then ({1, 2, 3}, *) is a quasigroup, 
because each element in {1,2,3} appears once and only once in each row 
and in each column of Table H] |12J, Theorem 1.1.3]. This binary operation 
(*) is not associative, since (1 * 2) * 3 ^ 1 * (2 * 3). 

Definition 2.4. A loop (LP,-,eLp) is a quasigroup (LP,-) satisfying that 
there exists an element ej,p G LP such that u ■ eLP = eip ■ u = u for all 
u G LP [12l Definition 1. 1.10]. 

Because the above element e^p £ LP is uniquely determined, we call 
eLP the unit element of the loop (LP, ■, e^p). 
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The group is a loop. To be more precise, the group is an associative 
quasigroup, and vice versa |12[ Theorem 1.1.7 and Definition 1.1.9]. 

We shall simply denote by L, Q, and LP a left quasigroup (L, •), a 
quasigroup (Q, •), and a loop (LP, •, clp), respectively; moreover, the symbol 
uv will be used in place of u ■ v. 

Next task is to demonstrate the main theorem of [13] . Let LP = 
(LP,-,eLp) be a loop, G = (G,*,ea) a group, and it : LP — ► G a (set- 
theoretical) bijection satisfying ir(eLp) = &G- F° r u £ LP, we define the 
map 9(u) from G to itself by 

(2.2) 0(u){x) =vr(u)- 1 *7r(u7r- 1 (x)) (ieG). 

Here 7r(u) _1 is the inverse of the element 7r(u) of the group G. This map 
9(u) is bijective; 9(u)~ l (x) = vt(u\l 7r -1 (7r(u) *x)) (x G G). 

Let Q (u) and 77^ (u) (A, it G LP) denote the following maps from LP 
to itself: for v G LP, 

(2.3) Cf^X") = 7r~ 1 0(A) _1 0(Ait)7r(u); 

(2.4) v f >(«)(«) = (A^)(«))W ((A«)u). 

Theorem 3.7 in [13] implies Theorem 12.51 

Theorem 2.5. Let £a(^) and n\(v) (X,u,v G LP) be maps from LP to 
itself. The following conditions are equivalent: 

(1) There exist a group G = (G,*,ec) and a bijection tt : LP — > G sat- 
isfying ir(e LP ) = e G , f A (it) = £ A G) (u), and »7a(i>) = r? A («) for all 
\,u,v G LP; 

(2) The maps £\(u) and n\(v) satisfy the properties below. 

U^xu(v) = Zx^Vp ((A«)u)) (VA, u, v G LP), 
??A£ A (u)(v) (w) (r]\ (v) (u) ) = r/ A ((Au)\ LP (((At*)v)w))(u) 

(VA, u,v,w G LP), 
(2.5) (A&(«)(v)>7a(v)(u) = (A«)« (VA, u, « G LP), 
Cx(e L p) = V\( e Lp) = idLP (VA G LP). 

We define the map p( G )(A) (A G LP) from LP x LP to itself by 

(2.6) R {G \\){u,v) = {nf\v){u),if\u){v)) (u,v G LP). 

From Propositions 3.3 and 5.1 in [13] and the above theorem, this map 
P( G )(A) is a bijective dynamical YB map associated with LP, LP, and (•). 



5 



Remark 2.6. This method produces all YB maps constructed in the work 
[10] . We suppose that LP is a group and that the map 9(u) satisfies 

(2.7) 6{uv) = 6{u)6{v) (V«,« G LP). 

The definition (|2.2p of the map #(u) and (|2.T[) immediately induce that 7r is 
a bijective 1-cocycle of LP with coefficients in G [10, (8)]. Because of (|2.3p 
and (|2.7p . the map ^ (u) (|2.3p is independent of the dynamical parameter 

A. Since LP is a group, the map 77^ (v) (|2.4p is also independent of A. By 
the definition of the YB map in [10\ Case 2 in the proof of Theorem 2] , the 
map i?( G )(A) CLlD is the YB map in [10]. 

Next we shall show a necessary and sufficient condition for the dynamical 
YB map R^(X) (12. 6p to satisfy the unitary condition. 

Let R(X) be a dynamical YB map associated with H, X, and <j). This 
dynamical YB map R{\) is said to satisfy the unitary condition |13^ Section 
5], iff 

(2.8) R{X)P X R(X) = Px (VA G H). 

Here we denote by Px the map from X x X to itself defined by 

(2.9) Px(u,v) = (v,u) (u,veX). 

Theorem 2.7 (Corollary 5.6 in [J3]). The dynamical YB map R(°\\) (TOP 
satisfies the unitary condition, if and only if the group G is abelian. 

Before ending this section, let us introduce dynamical braiding maps (see 
[HI Section 2]). 

Definition 2.8. Let H and X be nonempty sets, and <fi a map from H x X 
to H. A map <t(A) : X x X — > X x X (\ £ H) is a dynamical braiding 
map associated with H, X, and 4>, iff, for every A G H, a(X) satisfies the 
following equation on X x X x X. 

a(A) 12 cr( ( /»(A,x( 1 ))) 2 3a(A) 12 = a( ( / ) (A,x( 1 ))) 2 3a(A) 12 cT(</»(A,x( 1 ))) 2 3. 

The concepts of the dynamical braiding map and the dynamical YB map 
are exactly the same. 

Proposition 2.9 (Proposition 2.1 in [13J). Let R(X) and cr(A) (A G H) be 
maps from X x X to itself satisfying <r(A) = PxR(X) for all A G H. Here 
Px is the map l\2.9ty . The map R(X) is a dynamical YB map associated 
with H, X , and <j), if and only if the map <r(A) is a dynamical braiding map 
associated with H , X, and (p. 
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3 Construction 



Our main aim in the present section is to show how to construct dynamical 
YB maps. This is a generalization of the works [10\ fl~3] (see Remarks 12.61 
andEZD- 

Definition 3.1. A ternary system (M, fx) is a pair of a nonempty set M 
and a ternary operation fi : M x M x M — > M. 

We shall simply denote by M a ternary system (M, //) . 

Let L = (L, •) be a left quasigroup, M = (M, //) a ternary system, and 
7r : L — > M a (set-theoretical) bijection. For A, it € L, we define the maps 
C\' M ' n \ u ) '■ L L and rf^' M ' (u) '■ L — > L as follows: for -u € L, 

(3.1) £?' M,7r) (^) = A\ L 7r- 1 (/,(^(A)^(A U )^((An)t;))); 

(3.2) r,i L ' M '*\u)(v) = (A#' M ^)(^))\l ((A«)u). 

Let R( L < M ' n \\) (A G L) denote the map from L x L to itself defined by 

(3.3) i^'^AX^) = (r/f'^C^H^f tM '*\u)(y)) (u,v G L). 

Since L is a left quasigroup, f|3.2|) is equivalent to the following invariance 
condition of the map R^ ,M ' W \\) (see Remark I4.4D . 

(3.4) (A£? • M ' 7r) («)(^))7 7 i Z " M ' 7r) (^)(u) = (A«)« (VA,u,u G L). 

Theorem 3.2. T/ie map is a dynamical YB map associ- 

ated with L, L, and {■), if and only if the ternary system M satisfies the 
following equations for all a, b,c,d G M: 

(3.5) fi{a, n(a, b, c),[i(ji(a, b, c), c, d)) = n(a, b, fi(b, c, d)); 

(3.6) c ); c ) cO = MM a > ^ c j d)),/j,(b, c, d),d). 

This theorem induces that the triplet (L, M, 7r) with (13. 5p and (|3.6|) gives 
birth to a dynamical YB map R {L,M,w)(x) ([33D associated with L, L, and 
(•) satisfying the invariance condition (13.41) . 

Section [6] describes several ternary systems with (|3.5p and ()3.6|) . 

Let a be an element of the ternary system M. For the proof of Theorem 
1331 we need the maps s(a) : M x M ->■ M x M and a : M x M x M -> 
M x M x M: for x,y,z G M, 

(3.7) s(a)(x, y) = (/x(a, x, y), y); 

(3.8) s(x, y, z) = (x, //(x, y, z), z). 
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Lemma 3.3. The maps s(a)i2 and s satisfy the braid group relation 

(3.9) s(a)i2ss(a)i2 = ss(a)i 2 s (Va G M), 

if and only if the ternary system M satisfies t\3.5\i and (jg.fij) . 

Proof. The proof is straightforward. □ 

Let A be an element of the left quasigroup L, and let fx denote the 
following map from L x L x L to itself. 

(3.10) f\(u,v,w) = (\u,(\u)v,((\u)v)w) (u,v,w £ P). 

Lemma 3.4. P/ie map /a is bijective; /r (it, i>, w) = (\\lu,u\lv,v\lw) 
(u, v,w G L). 

We define the maps cr (- L .- M » (A) : L x L -> P x P and o-( L - M ' 7r )(AL( 1 )) 23 : 
PxPxP— >PxPxPas follows: for u,v,w G P, 

(3.11) <7^*>(A)(u,t,) = (# >M,7r) («)W^f M,7r) (.)(n)); 
(r (^.T)(A J L( 1 )) 23 («,'i;,t t ;) = (u^'^CAuXu.u;)). 

Lemma 3.5. T/ie maps a^ L ' M ' n \\)i2 and a^ L ' M ' n \\L^)23 are expressed 
by means of the maps s(ir(\)) and s, respectively: 

a (L,M >7 r) (A)i2 = /-l (7r -l x vr-i x vr- 1 ) S (7r(A))i 2 (vr x vr x tt)/ a ; 

CT (L,M,^ AL (l)) 23 = x 7T- 1 X TT^HtT X 7T X 7r)/ A . 

Proo/ o/ Theorem\EM From Lemmas E31 HQ] and [331 a- (L ' M,7r) ( A ) is a dy- 
namical braiding map associated with P, P, and (•) (see Definition 12. 8p . if 
and only if the ternary system M satisfies (|3.5p and (|3.6|) . 

Proposition 12.91 (|3.3p . and (|3.1ip complete the proof. □ 

4 Characterization 

This section clarifies a characterization of the dynamical YB map with 
the invariance condition (|4.5|) : this map is exactly the dynamical YB map 
R( L > M ,*)(X) ([33]) constructed in the previous section. 

To give a characterization, we need categories A and V (cf. [131 Section 
3]). For category theory, see [El HI]- Let L = (L, •) be a left quasigroup (see 
Definition 12. ip . M = (M, /i) a ternary system (Definition I3.ip satisfying 
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(j33|) and (j33|) . and vr : L -> M a bijection. We denote by LMB the set of 
all such triplets (L,M,ir). 

Triplets (L, (M, //), vr) and (L', (M', //), tt') G LMB are equivalent, iff 
L = V as left quasigroups and the map h := tt'tt^ 1 : M — ► M' is a homo- 
morphism of ternary systems; that is, the map h : M — > M' satisfies 

(4.1) h(n(a,b,c)) = (j,'{h(a),h(b),h(c)) (Va,6,c€M). 

This is an equivalence relation, and we write it in the form (L, M, it) ~ 
(L',M',vr'). J 

Let [(L, M, 7r)] denote the equivalence class to which (L, M, tt) G LMB 
belongs, 06(^1) the class of all equivalence classes with respect to this rela- 
tion. 

By the definition of the relation ~, all the left quasigroups L in repre- 
sentatives (L, M, tt) of V £ Ob(A) are the same. We denote by Ly the left 
quasigroup L. 

Definition 4.1. Let V and V be elements of Ob{A). We say that / : V — » 

V is an element of Hom(^4), iff / : Ly — > Ly/ is a homomorphism of left 
quasigroups such that 7r'/7r _1 : M — > M' is a homomorphism (I4.ip of ternary 
systems for all representatives (Ly,M,ir) G V and (Ly , M' ,tt') G V. 

Remark 4.2. On account of the definition of the equivalence relation ~, / : 

V — ► V G Hom(^4), iff / : Ly — > Ly/ is a homomorphism of left quasigroups 
and there exist representatives (Ly,M,ir) G V and (Ly , M' ,ir') G V' such 
that 7r'/7r _1 : M — >• M' is a homomorphism of ternary systems. 

Proposition 4.3. A is a category: its objects are the elements ofOb(A); its 
morphisms are the elements o/Hom(^t); the identity id and the composition 
o of the category A are defined as follows: 

(4.2) for V G Ob(A), idy (u) = u (« G Ly); 

for f : V -» V,5 : F' -» V" G Hom(i) (V, V", V" G Oft(^)), 

(4.3) (<7°/)W= 5 (/(n)) (u G Ly). 

The next task is to introduce a category V. Let L = (L, •) be a left 
quasigroup, and R(X) (X G L) a map from L x L to itself. We denote by 
£\(it) and t/a(w) (X,u,v G L) the following maps from L to L. 

(4.4) (»7 A («)(«)^ A («)(u))=i2(A)(«,t;). 

Let us suppose that this map R(X) is a dynamical YB map associated 
with L,L, and (•) satisfying the invariance condition below: 

(4.5) (X^x(u)(v))r]x(v)(u) = (Xu)v (VA, u,v E L). 
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Remark 4.4. To be more precise, Eq. (j4.5j) is the invariance condition for 
the corresponding dynamical braiding map <x(A) = PlR(X) (for the map Pl, 
see (^91) ). 

We denote by Ob(T>) the class of all such pairs (L, R(X)). 

Definition 4.5. Let V = (L,R{\)) and V = (L',R'(X')) be elements of 
Ob{V). We say that / : V -» V is an element of Hom(D), iff / : X L' is a 
homomorphism of left quasigroups satisfying i?'(/(A))(/ X /) = (/ X f)R(\) 
for all A G L. 

Proposition 4.6. T> is a category: its objects are the elements of Ob(T>); 
its morphisms are the elements o/Hom(D); the definitions of the identity id 
and the composition o are similar to i \4-<ty an d ([73 ■ 

Theorem 14.71 gives a characterization of the dynamical YB maps with 
the invariance condition (|4,5p . 

Theorem 4.7. The category A is isomorphic to the category T>. 

The next section will be devoted to the proof of this theorem; we shall 
explicitly construct functors S : A — > T> and T : T> — > A satisfying TS = id.4 
and ST = idx>. 

Remark 4.8. Theorem 14.71 produces an application of YB maps. Let L be 
an associative left quasigroup and R a YB map defined on the set L x L. 
We denote by ^(u) and rj(v) (u,v £ L) the maps from L to itself defined 
by (r](v)(u), £,(u)(v )) = R(u,v). We suppose that these maps satisfy the 
invariance condition 

(4.6) £,(u)(v)t](v)(u) = uv (Vii,i> € L). 

Because the binary operation of L is associative, (|4.6p is equivalent to the 
invariance condition (|4.5I) . and (L,R) is an object of the category P as a 
result. From Theorem 14. 71 fand its proof), this YB map R is constructed by 
a ternary system (Definition I3.1j) satisfying (|3 . 5f) and (|3.6p . 

5 Proof of Theorem 14.7 

This section presents the proof of Theorem 14.71 We shall first define a 
functor S : A — ► V. 

Lemma 5.1. Let ((L, ■), (M, fi), it) and ((L', ■'), (M', fx'), 7r') be elements of 
LMB. The following conditions are equivalent: 
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(1) (L,M,tt)~ (L',M>, tt'); 

^ (_R(i.A^"^)( / \);L,L, (•)) = (#( L '> M >')(A);L',L',(-')) OH; ^ L = 
L' as Ze/t quasigroups, and R^ L ' M ' W \\) = R {L ' M '^'\X) for all A G L(= 
L'). 

Proof. On account of (|3.2p . the condition (2) is equivalent to the condition 
(3) below. 

(3) L = V as left quasigroups, and ^ ,M,n \u) = ^ ,M ' n \u) for all 
A, u G L. 

We shall only show (1) from (3). It suffices to prove that the map 
h = tt'tt^ 1 : M — > M' is a homomorphism (|4.ip of ternary systems. 

Let a, b, and c be elements of M. We define the elements A, u, and 
v of the left quasigroup L by A = 7r _1 (a), u = ir~ 1 (a)\i 7r _1 (6), and u = 
7r -1 (6)\ J L7r -1 (c). Because of (IO>. 

7r- 1 (/x(a,6,c)) = A(A\l 7r -1 (/ti(7r(A), 7r(Au), 7t((A«)u)))) 
= («)(«). 

It follows from the condition (3) that 

7r-\^a, b, c)) = tt'" V(%)> /i(6), /1(c))). 

Hence, the map /i is a homomorphism of ternary systems. □ 

Let V = [(Ly,M, ir)] be an object of the category A. From Lemma loTT| 
we can define the dynamical YB map R v {\) associated with Ly, Ly, and 
(•), by using the dynamical YB map R^ Lv ' M '^(X) (|3T3|> : 

(5.1) R v {\) = R( Lv > M >*\\). 

Let V be an object of the category A. We define S(V) by S(V) = 
(L V ,R V (X)). 

Lemma 5.2. For V G 06(^4), <S(V) is an object of the category T>. 

Proof. The proof is immediate from (|3.4f) and Theorem 13.21 □ 

Lemma 5.3. Let V and V' be objects of the category A. If f : V — > V G 
Hom(*4), i/ien f is a morphism of the category T> whose source and target 
are S(V) and S(V), respectively. 
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Proof. Let (X, (M, fj,), w) and (L', (M', //), w') be representatives of V and 
V, respectively. 

We shall demonstrate that j?( i '> M '> 7r ') (/(A))(/ X /) = (/ X /)i?( L > A/ >^(A) 
for all A € L. Let n and v be elements of the left quasigroup L. Because the 
map tt' Jtt -1 : M — » M' is a homomorphism (|4.ip of ternary systems (see 
Definition S3]), 

(5.2) /(vr- 1 ( / x(7r(A),7r(An),7r((A U ) W )))) 

= 7r'- 1 (M'K(/(A)),vr'(/(A U )),vr'(/((A U ) ? ;)))). 

Since the map / : L —* L' is a homomorphism of left quasigroups, (|3.ip 
and (15.2p induce that 

(5.3) f(ci L ' M ' W \u)(v)) = /(A)\ L /(vr- 1 ( / ,(vr(A),vr(An),vr((A U ) ? ;)))) 

The above equation and (|3.2p lead to that 
(5-4) /(#* ! WM) = 

because the map / : L —* L' is a homomorphism of left quasigroups. 

From (lOl) and ([53]), R {L '' M ' y) (f(X))(f x f) = (/ x f)PS L > M ^{X) for 
all X G L. Thus / : S'(V) — > <S'(V / ) is a morphism of the category P. □ 

For / : V -> V £ Hom(i), we define 5(/) : 5(F) -» S(V) G Hom(£>) 
by 5(/) = /. 

Proposition 5.4. S is a functor from the category A to the category T>. 

The next task is to introduce a functor T : V — > ^4. Let F = (L, -R(A)) be 
an object of the category V. We define the maps £,\(u) and r]\(v) (A, u,v £ L) 
from L to L by (|4.4p . Let denote the ternary operation on L defined by 

(5.5) fj, L (a,b,c) = a£ a (a\ L b)(b\ L c) (a,b,c£L). 

Lemma 5.5. The ternary operation fi£ (|5.5p satisfies <\3.5\\ and H3.6h . 

Proof. Let A be an element of the left quasigroup L. We define the maps 
s(A) : L x L — > L x L and s: LxLxL^LxLxL&s follows: 

s(X)(a,b) = (jj, L (X,a,b),b) (a,b e L)\ 
s(a, b, c) = (a, //r,(a, 6, c), c) (a, 6, c € L). 
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On account of Lemma 13.31 it suffices to prove that the maps s(A)i2 and s 
satisfy the braid group relation (|3.9p . 

Let er(A) denote the map from L x L to itself defined by <r(A) = PlR(X). 
Here Pl is the map (|2.9p . The maps u(A)i2 and a(XL^>)23 are expressed as 
follows (cf. Lemma l3.5p : 

<r(A)i2 = f^sWufy, a(XL^) 23 = f^sf x . 

Here f\ is the bijection (|3.10p (see Lemma HTl"]) . 

Because <r(A) is a dynamical braiding map associated with L, L, and (■) 
(see Definition 12.81 and Proposition 12. 9p . the maps s(A)i2 and s satisfy (|3.9p . 
This completes the proof. □ 

Corollary 5.6. The triplet (L, (L, idi) is an element of the set LMB. 

Let V = (L, i?(A)) be an object of the category V. We define T(V) G 
Ob(A) b Y T(V) = [(L,(L,ii L ),id L )]. 

Lemma 5.7. Let V and V be objects of the category T>. If f : V — > V G 
Hom(£>), t/ien f is a morphism of the category A whose source and target 
areTiV) and T(V'), respectively. 

Proof. Let (L,R(X)) and (L',R'(X')) denote the objects F and V, respec- 
tively. We define the maps £\(u) : L — > L, r]\(v) : L — > L, £^/(it') : 
L' -» L', and r^,(t/) : L' -> L' (A,«,« G L,X',u',v' G L') by (OP : 

= 12(A)(«,t;); (^K)(n'),^(^')K)) = 
Let and //£,/ denote the ternary operations on L and V defined by (|5.5|) . 
respectively. 

We shall show that / : (L, li£) — > (!/,//,£/) is a homomorphism (|4.ip 
of ternary systems. By Definition R'(f(X)){f x /) = (/ x /)-R(A) for 
all A G L. As a result, /(&(«)(*>)) = £/(*)(/(«))(/(«)) for a11 A, u, i> G L. 
Because / : L — > L' is a homomorphism of left quasigroups, the above 
equation and the definition (|5.5p of and /i^/ induce that f(fj,£,(a,b,c)) = 
VL'(f(a),f(b),f(c)) for all a,b,c G L. That is, / : (L,/i L ) -> (L',li l >) is a 
homomorphism of ternary systems. 

Since (L, (L, /^), id L ) G T(V), (L', (£', idj/) G T(V), and id^/idx : 
(L, (xl) — > (L', fj,£i) is a homomorphism of ternary systems, Remark 14.21 gives 
rise to that / : T(V) — > T(V') is a morphism of the category A. □ 

For / : V -»• V G Hom(P), we define T(/) : T(V) T(V') G Hom(i) 
by T(/) = /. 

Proposition 5.8. T is a functor from the category T> to the category A. 
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Proof of Theorem \4- 1\ We shall only demonstrate that TS(V) = V for V G 
Ob{A). 

Let (Ly , (M, //), 7r) be a representative of V. By the definitions, S(V) = 
(L v ,R( L v> M ri(\)) and TS{V) = [(Ly, (Ly, fi Lv ), id Lv )) (see flO and ([53D) . 

For the proof, it suffices to show that (Ly, {Ly, fj,L v ),idL v ) ~ (Ly, M, it). 
Let a, b, and c be elements of Ly. From (|3.ip and (|5.5p . 

n^ Lv (a,b,c)) =7r(a^y^\a\ Lv b)(b\ Ly c)) = ^(vr(a), vr(6), vr(c)). 

Hence, the map ?i"id7* : (Ly,fiL v ) — > (M,fi) is a homomorphism (|4.ip of 
ternary systems, and consequently, (Ly, (Ly, Hl v )-, 1 &L V ) ~ (Ly, M, 7r). □ 

6 Examples of ternary systems 

This section describes several ternary systems (Definition 13. ip satisfying 
(|3.5p and (|3.6|) . Later we shall characterize the dynamical YB maps R^ L ' M ' n \\) 
(|3.3p constructed by means of these ternary systems. 

Example 6.1. Let M be a nonempty set, and / a map from the set M to 
M. We define the ternary operations on M by: 

H(a,b,c) = f(a) (Va,6,cGM); 
(i(a,b,c) = /(c) (Va,6,ceM). 

Each ternary system (M, /i) defined above satisfies (|3.5p and (|3.6p . 

Remark 6.2. Example 16.11 satisfying / = idj^f produces degenerate YB maps 
in P. 

(1) Let fjL denote the ternary operation on L defined by //(a, b, c) = c. If L 
is a left quasigroup together with the binary operation uv := v, then 
R( L >( L 'ri> id ri(X)(u,v) = (v,v) (X,u,v e L). This is the map P L A 2 in 
PQ. Here P L is the map (1231) . 

(2) If L = (L, -,ez,) is a group and fj,(a,b,c) = c (a,b,c € L), then 

map Pl/^i in [I]- If L = (L,-,ex) is an abelian 
group and /i(a,b,c) = a (a,b,c E L), then i?( i,M,7r )(A) is the map 
in pQ. 

Example 6.3. Let M be a nonempty set, and / a map from M to M 
satisfying / 2 = /. We define the ternary operation on M by 

H(a,b,c) = f(b) (Va,6,cGM). 

This ternary system (M,[i) satisfies (I3.5|) and (j3. 61) . 
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Example 6.4. Let Mi = (Mi,//i) and M2 = (M 2 ,H2) be ternary systems 
satisfying (|3.5p and ()3.6|) . We denote by M the direct product M\ x M2 of 
the sets Mi and M2; in addition, let us define the ternary operation \i on 
the set M by 

(i(a,b,c) = (fJ>i(ai,bx,c 1 ),fj, 2 (a 2 ,b2,c 2 )) 

(a = (01,02), 6= (6i,6 2 ),c= (ci,c 2 ) G M = Mi x M 2 ). 

This ternary system (M, /i) satisfies (13. 5f) and (13.61) . 

We shall introduce three ternary operations (|6.2|) . //Jf (j6.3|) . and /ig 
(|6.7I) produced by left quasigroups. 

Let G = (G, *) be a left quasigroup (see Definition 12. ip satisfying that 

(6.1) (a * c)\ G ((a * b) * c) = (a' * c)\ G ((a' * b) * c) (Va, a', b,cE G). 

Groups, the quasigroup ({1, 2, 3}, *) in Example 12 .31 and the left quasigroups 
having the right distributive law 

(x * y) * z = (x * z) * (y * z) (Vx, y,z € G) 

satisfy (|6.ip (see below the proof of Proposition IT.3[) . For distributive quasi- 
groups, see [121 Section V.2]. 

We define the ternary operations [if and fj§ on the left quasigroup G 

by: 

(6.2) nf(a,b,c) = a*(b\ G c) (a,b,ceG); 

(6.3) n 2 (a, b, c) = c* (6\go) (a,b,c£G). 

Here \g is the left division (12. ip on G. 

Proposition 6.5. These ternary systems (G,fif) and (G, /itr? ) satisfy <\3.5b 
and fSJft. 

Proof. We shall only prove that the ternary system (G, fif ) satisfies (|3.5p 
and m . 

The following lemma gives rise to (13. 5p . Its proof is immediate from 
Lemma 6.6. For a, b, c, d G G, /uf(a, 6, /xf (6, c, d)) = Mi (a, c, d). 
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We shall prove (|3.6[) . In view of (|6.2p . 

LHS of (USD 

= (a * (b\ G c)) * (c\ G d) 

= (a* (c\ G d)) * ((a * (c\ G d))\ G ((a * (6\ G c)) * (c\ G d))), 

rhs of HEED 

= (a*(c\ G d))*((6*(c\ G d))\ G d) 

= (a * (c\ G d)) * ((6 * (c\ G d))\ G ((b * (b\ G c)) * (c\ G d))). 

The right-hand-sides of the above equations are the same, because of (|6.ip . 

□ 

Remark 6.7. Every dynamical YB map R( G \\) CL6} constructed in the 
work [13] is produced by the ternary system (G, fif ) (16. 2h . Let L be a loop, 
G = (G, *,e G ) a group, and 7r : L — > G a bijection satisfying 7r(ez,) = e G . 
Here e G is the unit element of the group G. By the definitions (12. 2p of the 
maps 9(u) and 9{u)~ l , the map £ A G ^(u) p. 3D (A, it £ L) is expressed as 

(6.4) if\u){v) = \\ L K-\rf {l , {x)MXu)M{Xu)v))) {v £ L) . 

On account of ([23]), (pllj) . ([33]) . and ([B3|) . ([6H) induces that all the dy- 
namical YB maps i?( G ) (A) are constructed by means of the ternary systems 

Next task is to define the ternary operation ^ (|6.7|) . 
Let G = (G, *) be a left quasigroup. We suppose that G satisfies the 
following for all a, b,c,d£ G: 

(6.5) (6 * c) * (a\ G ((a * c) * ((6 * c)\ G (b * d)))) 
= 6 * (a\ G ((a * c) * d)); 

(6.6) (a * c) * ((6 * c)\ G (6 * d)) 

= ((a * c) * d) * ((6 * (a\ G ((a * c) * d)))\ G (6 * d)). 

If G is a group, G satisfies (|6.5p and (|6.6p . 

Let /i^ denote the ternary operation on the set G defined by 

(6.7) ^(a,b,c) =b*(a\ G c) (a,6,cGG). 
Proposition 6.8. This ternary system (G,fj^) satisfies (jg.5p and (|ff.6]) . 
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Proof. We shall only prove that the ternary system (G, /U3 ) satisfies ()3.5|) . 
In view of (|6.7p . 

LHS of fl£5} 

= (6 * (a\o c)) * (a\ G (c * ((6 * (a\ G c))\ G d))); 

RHS of (J33]) 
= 6* (o\g(c* (&V?d))) 
= &*(a\ G ((o*(a\ G c))*(i\ G d))). 

The right-hand-sides of the above equations are the same, because of ()6.5|) . 

□ 

Final task in this section is to characterize the dynamical YB map 
r (l,M,k)(x) (j32J) that the ternary systems (joT2]) . (jOl . and fTT]) define. 

Let A\ denote the subcategory of the category A whose objects and 
morphisms are defined as follows: V G Ob(A) is an object of Ai, iff there 
exists a representative (L, (M, /i),7r) of V such that the ternary operation /x 
on M satisfies 

(6.8) fj,(a, b, /j,(b, c, d)) = fx(a, c, d) (Vo, b,c,d£ M), 

(6.9) fi(a,a,b) = b (Va,6GM); 

/ : V -»• G Hom(i) is a morphism of Ai, iff V, V G Ob(Ax). 

Let L be a left quasigroup, G a left quasigroup satisfying (16. If) . and 7r a 
(set-theoretical) bijection from L to G. \{L, (G , [if ) , n)] is an object of the 
category A because of Proposition 16.51 Moreover, 

Proposition 6.9. [(L, (G, ), n)] is an object of the category A±. 

Proof. The proof is immediate from (|6.2p (see Lemma I6.6P . □ 

Conversely, every object of the category .Ai is expressed by means of the 
ternary system (G,/j,f). 

Proposition 6.10. IfV G Ob{A\), then there exist a left quasigroup (G, *) 
satisfying l\6.1^ and a bijection tt' : Ly — > G such that V = [(Ly, (G, /J,f ),7r')]. 

Proof. We denote by L the left quasigroup Ly. Since V G Ob(Ai), there 
exists a representative (L, (M, /i), vr) of V such that the ternary operation \x 
on M satisfies and (1B1I . 
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We fix any element A € L. Let a and j3 denote the following binary 
operations on L: for u,v € L, 

(6.10) a(u, v) 

(6.11) (3(u, v) = \\ L ■K-\fi{Ti(\u),Ti{\)^(\v))). 

Lemma 6.11. For all u,v £ L, f3(u, a(u, v )) = v and a(u, P(u, v)) = v. 

Proof. The proof is immediate from (|6.8p and (|6.9p . □ 

We denote by G and (*) the set L and the binary operation (3 on the set 
G(= L), respectively. The above lemma gives rise to that G = (G, *) is a left 
quasigroup. The left division on G is the binary operation a; a\ G c = a(a, c) 
(a,ceG). 

Lemma 6.12. The left quasigroup G satisfies (|6'.ip . 
Proof Because of (jfTH|) . IjOIjl . and (|S7TT1> . 

(6.12) a* (6\ G c) = A\ L vr- 1 (/i(vr(Aa),7r(A6),7r(Ac))) (Va,6,ceG). 
Let a, a', 6, and c be elements of G(= L). In view of (|6,12p . 

(a * b) * c 

= (a * (a'\ G (a' * 6))) * ((a' * 6)\ G ((a' * 6) * c)) 

= A\ L 7r -1 (/x(/i(7r(Aa), Tr(Aa'), 7r(A(a' * 6))), vr(A(a' * 6)), jr(A((o' * b) * c)))); 

(a * c) * ((a' * c)\ G ((a' * 6) * c)) 
= (a * (a'\ G (a * ((a' * 6)\ G ((a' * 6) * c))))) * 

*((a' * ((a * 6)\ G ((a * 6) * c)))\ G ((a' * 6) * c)) 
= A\ L 7r -1 (/i0t(7r(Ao), Tr(Ao'), /*(7r(Aa'), tt(A(o' * 6)), vr(A((a' * 6) * c)))), 

//(Tr(Aa'), 7r(A(a' * 6)),7r(A((o / * 6) * c))), vr(A((a' * 6) * c)))). 

With the aid of (ET61) . 

(a * 6) * c = (a * c) * ((a' * c)\ G ((a' * b) * c)) 
for all a, a', b,c £ G. This is equivalent to (|6.ip . □ 

Let it' denote the map from L to G{= L) defined by tt'(u) = X\lu 
{u € L). 
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Lemma 6.13. The map it' is bijective; n' 1 (a) = Xa (a G G). 

Finally, we shall demonstrate that V = \{L, {G,n± ), 7r')]. From (|6.12p . 

7r / 7r- 1 (M(7r7r / - 1 (o),7r7r / - 1 (6) ) 7r7r / - 1 (c))) =a*{b\ G c) = fif(a,b,c). 

Hence, the map tttt'^ 1 : (G, fif) — > M is a homomorphism (|4.ip of ternary 
systems. As a result, (L, M, tt) ~ (L, (G, yuf ), 7r'); that is, V = [(L, (G, fif ), 7r')]. 
This completes the proof of Proposition 16.101 □ 

We denote by T>\ the subcategory of the category V whose objects and 
morphisms are defined as follows: V = (L,R(X)) G Ob(V) is an object of 
T>i, iff the map £\(u) (A,u G L) (|4.4p satisfies 

Uu)txu{v) = 6(A\l {{Xu)v)) (VA, u, « G L), 
e A (AUA)=id L (VAgL); 

/ : V -> V G Hom(£>) is a morphism of £>i, iff V, V' G Ob(V{). 
The functors S 1 : A — ► T> and T : T> ^ A induce the following. 

Proposition 6.14. The category A\ is isomorphic to the category T>\. 

Proof. The proof is straightforward. □ 

Let us introduce subcategories A2 and A3 (resp. T>2 and P3) of the cat- 
egory A (resp. T>), which characterize the dynamical YB maps PS L ' M,1T \\) 
(|3.3p constructed by means of the ternary systems (|6.3p and ()6.7|) : V G 
06(^4) is an object of A2, iff there exists a representative (L, (M,fjt),ir) of 
V such that the ternary operation fx on M satisfies 

(6.13) ^{^{p-, b, c), c, d) = //(a, 6, d) (Va, 6, c, d G M), 

(6.14) (j,(a,b,b) = a (Va,&GM); 

/ : V — ► V G Hom(^) is a morphism of A 2 , iff V, V G Ob{A 2 ); V G Ob(.A) 
is an object of ^3, iff there exists a representative (L, (M, /u),7r) of V such 
that the ternary operation /x on M satisfies 

(6.15) //(a, 6, c) = //(d, 6, //(a, d, c)) (Va, b,c,d G M), 

(6.16) n(a,a,b) = b (Va,&GM); 

/ : y -» V G Hom(„4) is a morphism of A 3 , iff V, V G Ob(A 3 ); V = 
(L, R(\)) G Ob(V) is an object of T>2, iff the maps £\(u) and ?7a(v) (A, u, v G 
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L) (gap satisfy 

( A£ A («)(«) )£\£ A (u) (*) (»7A («) («) ) H 

= A£x(u)((Au)\l (((Xu)v)w)) (V\,u,v,weL), 
Cx(u)((Xu)\ L (Xu)) = X\ L X (VA,uGL); 

f : V -» V G Hom(£>) is a morphism of V 2 , iff V, V G Ob(V 2 ); V = 
(L,R(X)) G Ob(V) is an object of V 3 , iff the map ( a (m) (A, it G L) (IOD 
satisfies 

A&(v)((At;)\ L ((Au)&„((A«)\l A)( W ))) 
= (A«)£au((Au)\ £ (Xv))((Xv)\ L (Xw)) (VA, u,v,w G L), 
a(A\ L A)=id L (VAGL); 

/:7->F'e Hom(P) is a morphism of £> 3 , iff V, V G 06(P 3 ). 

The functors 5 : A — > X> and T : 2? — > .4 give rise to the following 
proposition. 

Proposition 6.15. The categories A 2 and A3 are isomorphic to the cate- 
gories T>2 and T>%, respectively. 

The proof of the following proposition is immediate from (|6.3p . 

Proposition 6.16. Let L be a left quasigroup, G a left quasigroup satisfying 
\6.1\) , and ir a (set-theoretical) bijection from L to G. Then [(L, (G, fJ> 2 ), t)] 
is an object of the category A 2 . 

Proposition 6.17. IfV G Ob(A 2 ), then there exist a left quasigroup (G,*) 
satisfying (\6. ip and a bijection it' : Ly — > G such thatV = [(Ly, (G, ), 7r')]. 

Proof. The proof is similar to that of Proposition 16.101 For the reason that 
V G Ob(A 2 ), there exists a representative (Ly, (M, fi), 7r) of V such that the 
ternary operation ^ on M satisfies fl6. 13f) and (|6.14p . 

Let G denote the set Ly. We fix any element A G G(= Ly). Let us 
define the binary operation * on G(= Ly) by 

a * b = X\ Lv vr" V(vr(A&), tt(A), 7r(Aa))) (a, 6 G G). 

Then (G, *) is a left quasigroup; the left division \q is as follows. 

a\ G c = X\ Lv 7r _1 (/x(7r(Ac), 7r(Aa), vr(A))) (a, c G G(= Ly)). 
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The following equation induces that (G, *) satisfies (|6. 1 j) (cf. Lemma l6.12p . 

c * (6\ G a) = X\ Lv tT V^Aa), tt(A6), tt(Ac))) (Va, 6, c G G). 

Moreover, we denote by 7r' the bijection from Ly to G(= Ly) defined by 
ir'(u) = X\l v u (u G Ly). The triplet (Ly, (G, fif), 7r ') is a representative 
of V; that is, V = [(Ly, (G, /if), V)]. " □ 

Let L be a left quasigroup, G a left quasigroup satisfying (|6.5p and (|6.6p . 
and 7T a (set-theoretical) bijection from L to G. Then [(L, (G, /J,f ),tt)] is an 
object of the category „4 by virtue of Proposition 16.81 

Proposition 6.18. [(L, (G, /if), 7r)] is an object of the category A3. 

Proposition 6.19. 1/7 £ 00(^3), i/ien i/iere exist a left quasigroup (G, *) 
satisfying <\6.5\ and (jg.ffi) . and a bijection ir' : Ly — ► G suc/i £/iai 7 = 
[(Ly,(G,^),vr')]. 

Proof. Because 7 G 06(^3), there exists a representative (Ly, (M, /i),7r) of 
V such that the ternary operation /1011M satisfies (|6.15|) and (|6.16|) . 

Let G denote the set Ly. We fix any element A G G(= Ly). Let us 
define the binary operation * on G(= Ly) by 

a * b = X\ Lv TT~ 1 (fJ,(iv(X), 7r(Aa), 7r(A6))) (a, 6 G G). 

Then (G, *) is a left quasigroup satisfying (16. 5p and (|6.6|) : the left division 
\a is as follows. 

a\a c = A\ Lv 7r -1 (/Lt(7r(Aa), 7r(A), tt(Ac))) (a, c G G(= Ly)). 

The proof of (j6.5f) and (|6.6p is due to the following (cf. Lemma l6.12p . 

6 * (o\ G c) = A\ Lv ^(/^(Aa), tt(A6), tt(Ac))) (Va, 6, c G G). 

In addition, we denote by tt' the bijection from Ly to G(= Ly) defined by 
ir'(u) = X\ Lv u (u G Ly). 

These (G, *) and tt' are what we desire. □ 

7 Unitary condition 

Let (L, M, 7r) be an element of LMB. In this section, we discuss the unitary 
condition (EZSJ) of the dynamical YB map R( L > M >*\\) q> . 
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Proposition 7.1. The dynamical YB map R^ L ' M ' n \X) satisfies the unitary 
condition, if and only if the ternary operation /i on M satisfies that 

(7.1) fj,(a, /j,(a,b,c),c) = b (Va,6,c£¥). 

Proof. Let A be an element of the left quasigroup L. We define the map 
fx : L x L ^ L x L by 

(7.2) f x (u, v) = (Xu, (Xu)v) (u, v G L). 

Lemma 7.2. The map f\ is bijective; f^ l {u,v) = (X\lu,u\lv) (u,v G L). 

By using the maps P L (123]), s(ir(X)) dUT]), fx CL2]), and fc 1 , the dy- 
namical YB map R^ L ' M ' n '(X) is expressed as follows. 

(7.3) PS L ' M,1T \X) = P L fx\v- 1 x vr- 1 ) S (vr(A))(vr x vr)/ A . 

Since the map n : L — > M is bijective, the unitary condition of the dynamical 
YB map 

R {L,M,n)Q^ ig equivalent to that s{a) 2 = id M x m for all a € M. 
The rest of the proof is immediate from the definition (|3.7p of the map 
s{a). □ 

Let M denote one of the ternary systems in Section [6l By using Propo- 
sition 17.1^ we shall clarify a necessary and sufficient condition for the dy- 
namical YB map PS L < M,1T \X) (|3.3p to satisfy the unitary condition. 

Let us suppose that M is a ternary system in Example 16.11 From 
Proposition 17. 1\ the dynamical YB map 

R (L,M,n)(X) does not satisfy the 
unitary condition, unless \M\ = 1. If \M\ = 1, then the dynamical YB 
map PS L,M,1T \X) = id^x^; hence, it is trivial that the dynamical YB map 
PS L,M,1T \X) satisfies the unitary condition. 

Next we suppose that M is a ternary system in Example 16.31 The 
dynamical YB map PS L,M,1V \X) satisfies the unitary condition, if and only 
if the map / is the identity map idAf. If / = idM> then R( L ' M ' n \X) = Pl 
(|231) . 

Proposition 7.3. Let M be a ternary system (G, [if) (jfi.gp or (G, /j,^) (KM- 
The dynamical YB map R( L ' M ' n ^ (A) satisfies the unitary condition, if and 
only if 

(7.4) (a*b) *c= (a*c) *b (Va,b,c€G). 
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Proof. Let G = (G,*) be a left quasigroup satisfying (|6.ip . We shall only- 
show this proposition in the case that M = (G,fj,f). 
Let us suppose that the dynamical YB map 

R (L,M,*)(X) satisfies the 
unitary condition. It follows from (|6.2p and Proposition 17.11 that 

a * ((a * c)\g ((a * b) * c)) = /if (a, //f (a, a * 6, (a * 6) * c), (a * b) * c) 

= a*b (Va, b,c&G). 

This is equivalent to (|7.4p . since G is a left quasigroup. 

Conversely, we suppose that Eq. (|7.4p holds. With the aid of (|6.2p . 

(7.5) LHSoffHH) = a * {(a * (b\ G c))\ G c) 

= a* {(a* (b\ G c))\ G ({a * {a\ G b)) * {b\ G c))) 

for all a,b,c£ G. By virtue of (f?T4]) . 

RHSof([73D = a*((a*(b\ G c))\ G ((a*(b\ G c))*(a\ G b))) 
= b. 

Because of Proposition 17.11 the dynamical YB map 

r (l,m,*)(X) satisfies the 

unitary condition. □ 

Let G be an abelian group or the quasigroup ({1,2,3},*) in Example 
12.31 This G satisfies (|7.4p (the proof is straightforward); in addition, (|7.4p 
induces that G satisfies (16. ip . 

Remark 7.4. If the left quasigroup G is a group, then (|7.4p is equivalent 
to that the group G is abelian. Hence, Remark 16.71 and Proposition 17.31 
reproduce Theorem 12.71 

The proof of the proposition below is similar to that of Proposition 17.31 

Proposition 7.5. Let M be a ternary system (G,fif) (\6. 7p , The dynamical 
YB map R^ L ' M ' n \\) satisfies the unitary condition, if and only if 

(a*b)*b = a (Va,beG). 
8 IRF-IRF correspondence 

Let Li = (Lj,«j) (i = 1,2) be left quasigroups (see Definition 12. ip . M = 
(M, /i) a ternary system (Definition I3.1|) satisfying (|3.5p and (|3.6p , and 
TCi : Li — > M (i = 1,2) bijections. Let Ai and A2 be elements of the left 
quasigroups L\ and L2, respectively. 
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To end this paper, we establish a correspondence between two dynam- 
ical YB maps R( Ll > M >*ti (\{) and R^ M ^\\ 2 ) (USD called an IRF-IRF 
correspondence (Proposition 18. Let fy (i = 1,2) denote the map from 
Li x Li to itself defined by (|7.2p . By means of these maps, we define the 
map </(Ai) : L\ x L\ — > L 2 X L 2 as follows. 

Here P Ll is the map (pT9j) . Let us define the maps Ri^Mw) 21 (A 2 ) : L 2 x 
L 2 -> L 2 x L 2 and J 21 (A X ) : x Li -» L 2 x L 2 by r( l ^ m ^) 21 (A 2 ) = 
P L2 i?( i2 ' M ^)(A 2 )P L2 and J 21 (Ai) = PlJ^Pl,. 

Eq. (17. 3D plays an essential role in the proof of Proposition 18.11 

Proposition 8.1. R^ M ^(\{) = J(Ai)- 1 p( i2 ' M - 7r2 ) ^(tt^tt^Ai)) J 21 (A X ). 

Proof. Let a denote the element 7Ti(Ai) of the ternary system M. From 

(HD, 

s(a) = fa x vr^^l^P^P^^'-^Trr^a))/^-^^ 1 x vrr 1 ) 

for i = 1,2. This equation immediately induces Proposition 18.11 □ 

This IRF-IRF correspondence is said to be a vertex-IRF correspondence, 
iff the dynamical YB map R( L2 ' M ' n2 \\ 2 ) is independent of the dynamical 
parameter A 2 ; hence, R^ M ^ 2 \\ 2 ) is a YB map. We denote by r( l ^ m ^) 
the YB map R^ L2 ' M ' n2 \X 2 ). The vertex-IRF correspondence is as follows 
(cf. H Definition 5.4] and [9, (4.10)]). 

(8.1) p( Ll ' M '^(Ai) = J(\ 1 )- 1 R( L *> M '**) 21 J 21 (\ 1 ). 

Remark 8.2. The maps J(Ai) and R^ Ll ' M ' ni \\i) correspond to the fusion 
matrix and the exchange matrix, respectively (see [U Sections 5.1 and 5.2] 
and [HI Sections 3 and 4]). 

Let V = (L,P(A)) be an object of the category T>\. We shall discuss a 
vertex-IRF correspondence whose IRF part is this dynamical YB map R(X). 

Proposition 8.3. The dynamical YB map R(X) has at least one vertex-IRF 
correspondence. 

Proof. From Propositions 16.101 and loTTl"! there exist a left quasigroup (G, *) 
satisfying (|6TD and a bijection vr : L -» G such that P(A) = p( L >( G ^?)> 7r )(A) 

Let o denote the binary operation on the set L defined by u o v = 
7r _1 (7r(n) * ir(v)) (u, v S L). 
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Lemma 8.4. L' = (L,a) is a left quasigroup; the left division \l> <\2.1\ of 
V is defined by u\y w = 7t~ 1 (tt(u)\g ir(w)) (u,w & L'). 

Proof. The proof is straightforward, because G is a left quasigroup and it is 
a bijection. □ 

By virtue of (|3,ip . (|6.2p . and the definition of the binary operation o, 

(8.2) Z { x L '' {G '^ ] ' n \u)(v) 

= \\ L , vr- 1 ^ (vr(A), vr(A o u), vr((A o u) o v))) 
= v 

for all X,u,v G L'. With the aid of fl£S]) and (I8T2|) . 

Tyf ' ' (G>?),7r) (u)(u) = 7r _1 ((7r(A) * tt(v))\ g ((vr(A) * tt(«)) * 7r(«))) 

for all X,u,v E L'. This element 77^ ''• G ''^ 1 ^(i; )(u) is independent of A 
because of (|6.ip . Hence, the dynamical YB map is a YB 

map. 

From Proposition 18.14 the dynamical YB map 
has a vertex-IRF correspondence whose vertex counterpart is this YB map 

We can construct objects V = (L,R(X)) of the category T>\ such that 
each R(X) really depends on the dynamical parameter A. Let G = (G, *) 
be a quasigroup satisfying (|6,ip (see Definition I2.2p , and let o denote the 
following binary operation on G: a o b = b (a,b £ G). Then L' = (G, o) is a 
left quasigroup, and (|3.3p gives rise to that 



(8.3) R( L '>( G ^> idG \X)(u, v) = (v,X* (u\ G v)) (VA, u,v£G). 

On account of Propositions EE and EH the pair (L', fi( L ''( G ^f ). id c)(A)) is 
an object of the category T>\. 

We suppose that R(L',(G,rf),id G )( X ) = R(L>,(G,tf)Ma)(\>y Then A * 

(u\gv) = X' * (u\gv) for all u,v € G. This equation induces that A = A', 
because G is a quasigroup. Hence, the dynamical YB map R( L '^ G ^i )' ldG )(A) 
is dependent on A, unless |G| = 1. 

Remark 8.5. Let L and G be groups, and ir a bijective 1-cocycle of the 
group L with coefficients in the group G. From Remarks 12.61 and 16.71 
R( L >(°^iM(X) is the YB map in [10]. Let us suppose that \L\ 7^ 1 (hence 
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|G| ^ 1). The YB map R( L '( G ^? )' 7r )(A) has a vertex-IRF correspondence 
whose IRF counterpart is the dynamical YB map 
L'(= G)) (1QD . 
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